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Vibra t ions  of l aye r s  and m e m b r a n e s  cons i s t ing  of va r i ab le  m a s s  pa r t i c l e s  [1, 2]. a r e  cons i -  
dered.  Adjacent  and s epa ra t ed  pa r t i c l e s  a r e  c lass i f ied .  Different ial  equations and natural  
boundary conditions of v ib ra t ions  of va r i ab l e  mass  l aye r s  and m e m b r a n e s  a r e  derived.  Two 
examples  for  v ib ra t ions  a r e  in tegra ted  by means of separa t ion  of va r i ab l e s .  

1. Adjacent  and sepa ra t ed  pa r t i c l e s  can be of four types .  To the f i r s t  c l a s s  belong pa r t i c l e s  adjacent  
and sepa ra t ed  at each point of an e las t ic  body sur face  and fo rming  with them a single,  continuous medium. 
To the second c l a s s  belong adjacent  and iso la ted  pa r t i c l e s  at each point of a body sur face ,  which a r e  con-  
nected to the body, in te rac t ing  with it and not among themse lves .  The th i rd  c l a s s  cons i s t s  of pa r t i c l e s ,  
adjacent  and sepa ra t ed  at each  point of a finite number  of r egu la r  cu rves  of finite length, belonging to an 
e las t ic  body sur face .  These  pa r t i c l e s  in te rac t  with the e las t ic  body, but not with each other.  To the fourth 
c l a s s  belong pa r t i c l e s  adjacent  and sepa ra t ed  in a finite number  of points of a body. 

L a y e r  and m e m b r a n e  v ib ra t ions  a r e  cons idered  for  a t ime  interval ,  during which they r ema in  v a r i -  
a b l e - m a s s  e las t ic  bodies of the s ame  ca t ego ry  as in the initial moment  (mass  adjacency and separa t ion  do 
not affect  those fea tu res  of the e las t ic  body under  cons ide ra t ion ,  by which both l a y e r s  and m e m b r a n e s  a r e  
c las  sifted). 

It is a s s u m e d  that  a va r i ab le  m a s s  neut ra l  l aye r  does not affect  its posit ion re la t ive  to o ther  l aye r s .  
P a r t i c l e s  can be adjacent  and s epa ra t ed  on both s ides of the l a y e r s  and me mbranes .  Adjacent  and sepa ra t ed  
pa r t i c l e s  move at the same t ime  pe rpend icu la r ly  to the neutral  l aye r  and the m e m b r a n e s  surface .  

In the nondeformed s ta te  the neut ra l  l aye r  and m e m b r a n e s  is a bounded region G with p iecewise  
smooth boundar ies  L. The plane in which the region G is located is taken as  the xy plane. The points in 
which four th- type  par t i c le  ad jacency and separa t ion  occur  a re  inside the region G, and a re  denoted by M i 
o r  Mi (xi, Yi). If such a point l ies  on the boundary L and has an a r c  coordinate  sj, it is denoted by Mj o r  
Mj (sj) ( i=1,  2, . . . ,  k; j = k + l ,  . . . ,  n). 

The cu rve  at whose points the re  occu r s  t h i rd - type  par t i c le  adjacency and separa t ion ,  not having 
common p a r t s  with o ther  such cu rves  and boundar ies ,  except,  pe rhaps ,  a finite o r  countable number  of 
points,  is denoted by Lm(Xm, Ym), where  Xm, Ym a re  the coord ina tes  of this cu rve  (m =1, 2, . . . ,  l ) .  The 
p a r t s  of the boundary L, at whose points t h i rd - type  par t i c le  ad jacency  and separa t ion  occur ,  a r e  denoted 
by the symbol  L 0. 

We de te rmine  the intensi ty of r eac t ing  fo r ce s  of adjBx~ent and sepa ra t ed  pa r t i c l e s  in the i r  absolute 
R and re la t ive  R r motions.  For  f i r s t  type pa r t i c l e s  
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Here  p (x, y, t) = pi ~ +plr++Pir -+Ol l  + + O i l -  >- 0 is the densi ty  at point M (x, y) at moment  t; 01 ~ (x, 
y) _> 0 is the init ial  densi ty  at the point M(x, g); p l r  • Pll*, V~r ~, v l f f  a r e  the densi ty  and absolute veloci ' t les 
of adjacent  and separa ted  pa r t i c l e s  at point l~I(x, y) at momen t  t; and z(x, y, t) is the t r a n s v e r s e  d i sp l ace -  
ment  of the point M(x, y) of the neut ra l  l aye r  at momen t  t. The plus and minus indices indicate adjacency 
and separa t ion ,  and the indices r and l denote pa r t i c l e  motion in the pos i t ive  and negative d i rec t ions ,  r e -  
spect ively ,  of  the z axis~ At the s a m e  t ime  

0Plr  + 
p~,+- (z, y, O) = p~z• 0:, Y, O) = O, ~ ~ O, ~ 

Opt- ~ 0 ,  ~ 
~ > ~ 0 ,  

The intensi ty of r eac t ing  fo rces  Rla  and Rlr  in the absolute and re la t ive  mot ions  a re  re la ted  by 

0pl 0z 
R~ = Rm. + "gV ~- 

In this notation of reac t ing  fo rces  the lower  indices a and r denote  absolute and re la t ive  motion, r e s -  
pect ively.  

The same  notation as in (1.1) is re ta ined for  pa r t i c le  adjacency and separa t ion  of the r emain ing  types .  
The lower  indices for  the co r respond ing  quant i t ies  of second-type pa r t i c l e s  is 2, for  third- type pa r t i c l e s  L 0 
and Lm, and for  fourth-type pa r t i c l e s  M l and Mj. Pa r t i a l  de r iva t ives  of fourth-type par t i c le  dens i t ies  should 
be rep laced  by o rd ina ry  ones. 

F o r  f i r s t -and  second-type pa r t i c l e s  the m a s s  densi ty  and reac t ive  fo r ce s  intensi ty a r e  the m a s s  and 
force  pe r  unit a rea .  F o r t h l r d - t y p e  pa r t i c l e s  these  quant i t ies  r e f e r  to unit length, and for  four th- type  
pa r t i c l e s  these  m a s s  and fo rce  a re  concent ra ted  at the co r respond ing  point. In what follows it is convenient  
to cons ider  the mass  densi ty and r eac t ive  fo rce  intensi ty of t h i rd -  and four th- type  pa r t i c l e s  fo r  internal  
points of the region G as  the m a s s e s  and fo r ce s  re la t ing to unit a rea ,  and for  points  of the boundary L as 
m a s s e s  and fo r c e s  re la t ing  to unit length. 

Consequently,  the sur face  densi ty  0 G of internal  points of the region G and the l inea r  densi ty  PL of 
points of the boundary L equal  at t ime  t 

k 

Pc (x, y, t) = Pl (x, y, t) + P2 (x, y, t) + ~ pMt (x. Yi, t) zt (x --  x~) ><. 
i ~ l  l 

• z, (y -- Yi) + ~ Pt.,,, (:rm, Y~, t) z I (x -- xm) zt (y --  Ym) (1.2) 
12 

oL (s, t) = o14 + ~, pM s (s~, t) z, (s - s:) 
j = k + l  

where  a t is  the f i r s t - o r d e r  impulse  function. 

S imi la r ly  one de t e rmines  the r eac t ive  force  intensi ty RGa and RGr of absolute and re la t ive  motion of 
in ternal  points of region G and the r eac t ive  force  Intensi ty RLa  and R L r  of points of the boundary L. Fo r  
this  one must  r ep lace  the symbol  p in (1.2) by R and add the lower  index a or  r .  The following dependence 

holds among RGa and RGr,  R L a  and RLr:  

Op~ Oz 
RGa = R~r + ~ ~t-' RLa --=- Rt.r -4 OPL Oz o t o t  

The v ibra t iona l  d i f ferent ia l  equations and boundary conditions a re  der ived f r o m  the s t a t ionary  
H a m i l t o n - O ~ r o g r a d s l d t  act ion pr inciple  

tl 

S [8(T--  U) + 6Aldt = 0 
to 

(1.3) 

He re  T is the e las t ic  body kinetic energy,  U is the potential  ene rgy  of e las t ic  fo rces ,  and 5A is the 
e l e m e n t a r y  work  of r eac t ive  fo r ce s  on possible  displace.ments 

8A = II RzaSzdxdy-4- ~ RtnSz ds 
G * L 
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where t o and t I a re  fixed moments  at which z is not varied.  The region G is also not varied.  

2. The kinetic and potential energies  of var iable  mass  layer  are  determined by the relat ions 

G L 

G 

Substituting these express ions  in (1.3) and per forming  some t ransformat ions  [3], we obtain the equa- 
tion of free t r a n s v e r s e  vibrat ions  of a var iable  mass  layer .  The equation can be represented  in two forms,  
the f i rs t  of which is conveniently used for known react ive  forces  of absolute motion of adjacent and sepa-  
rated par t ic les ,  and the second for known react ive fo rces  of relative motion 

--at \Pa -~y] + A (DAz) - -  (t - -  ~) \[aZDaz2 ay ~a'z 2 O~D OZz a2D O~z.l 
az a,~j ax O,j k ay~ ax2 / = Ro~ (2. i )  

O"z [ O2D Ozz 2 ~ D  OZz O2D O'z ) 
P c ' - ~ - + A ( D A z ) - - ( l - - ~ ) i o - ~  ay2 aza-~ o~a----7 "}- ay2 T :  = Rc,~ (2.2) 

Here z(x, y, t), d(x, y, t), E = const, a = const  are  the displacement  cyl inder  tension, elast ic  modulus,  and 
Poisson coefficient,  respect ively,  and A iS the Laplacian.  

Also obtained f rom (1.3) is the boundary condition 

(~ ( N L - -  allL ~ 6z ds -- ~ .'vial" 0(8=) d.--O_. (2.3) 
as / 3 L ~ - -  ,l \ 

L L 

w h e r e  ML, HL,  N L a r e  the  bending  m o m e n t ,  t o rque ,  and t r a n s v e r s e  f o r c e  on the l a y e r  con tour ,  d e t e r m i n e d  
by the  r e l a t i o n s  

[(O,z , a~-z \  (O'- :  , - a ~ z \  0% . 
Mr = -- DL~a:  -r z-~-y, ) cos z0 k ~ -1- ~ 7 ] s i a 2 0  -4-(t -- z) 0-g~-~y sin20 ] (2.4) 

L \ ay~ 
(2.5) 

0v + (1 - -  ~) 0y 0 :  0--~- 0z-~- )sin 0 + 0-7 0 7  0y 0~ 0---b- 

where 

A = - ~  

Here v is a unit vec tor  external  normal  to the boundary L, and 0 is the angle between the unit vec to r  
v and the positive direct ion of the absc i s sa  axis. 

For  l aye rs  whose widths are  identical at all points (they depend only on time) the derivative of the 
cylindric tension D with respec t  to coordinates  do not appear  in the vibrational equations and boundary 
conditions. 

Consider  an example. F i r s t  type par t ic les  with vanishing relat ive veloci t ies  are  adjacent to a uniform 
rec tangular  layer,  f ree ly  supported by a contour  L (x=0, x= a,  y=0 ,  y=b).  The layer  width is identical at 
all points and va r i e s  by the law h=e  t, and the bulk density of  the mater ia l  p is constant.  In the initial 
moment 

OZ t==O z I,~o =: h (x, y), -~- = / ~  (x, ~) 
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It follows f r o m  the conditions of the p rob l em that  

E 
PG = 9e t, D = 12(1_ z2------.---- ~ ~t, Ra,- = 0 

F o r  the ca se  cons idered , the  v ibra t iona l  equation (2.2) acqu i res  the f o r m  

a~= + aSe~ A (Az) = 0, a 2 E 
Ot 2 t 2 p  ( t  - -  zz) 

As a resu l t  of separa t ing  va r i ab les ,  de te rmin ing  the c h a r a c t e r i s t i c  f o r m s  [41, and solving the f r e -  
quency equation, we obtain 

oa c~ 

z (x, y, t) = ~ ~ [AJo(~.tje t) Jr BiXo(~,ijet)] sin ~n_~x sin in~, 
i ~ t  y = t  a b 

[ k a l  \ O l  J] 

Io, I1, Y0, Y1 a re  f i r s t  and second kind Besse l  functions. Using the wel l -known re la t ion  

I x(u) Yo (u) - -  Io (u) Yx(u)  = 2 / u  

we find 

aij = -- ~ j j JaY1 (Xi,~) + 12 ~ j sin "a 
o o  

Bo = ~ ~,~ ~.--'~"~ J a 
o o  

For sufficiently large u the functions 10(u),. If(u) , Y0(u), Yl(u) are of order u-I/2, leading to the in- 
equality 

[ Al'jIo (~,13e t) -+- BoYo (Xl~t)l< Me-t/s/i] (M = const) 

T h i s  e s t ima te  indicates that  the s e r i e s  obtained conve rges  uniformly.  

In the given case  adjacent  pa r t i c l e s  do not appea r  in the c h a r a c t e r i s t i c  f o r m s  of l aye r  v ibra t ions ,  
but leads  to damping of i ts  f r ee  v ibra t ions  despite  the absence  of inelast ic  r e s i s t a n c e  fo rces .  

3. The kinetic and potential  m em brane  energ ies  a re  de te rmined  by the re la t ions  

. 

,., = +S ,orio. i. 

where  T O is the membrane  tension. 

The v ibra t iona l  equations and boundary conditions a re  found by substi tuting the kinetic and potential  
energy  exp res s ions  into (1.3). They a re  wr i t ten  in two fo rms ,  one co r respond ing  to absolute motion of ad-  
jacent  and separa ted  partii31es, and the second to re la t ive  motion. The membrane -v ib ra t iona l  equations a re  

Pa at~ oz ~ ~ "~" To = R6~ 

wlth boundary conditions 

a / az \ , az 
\ 

(3.3) 
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o~z Oz (3.4) 
OL ~ + To ~ -  = RLr 

Consider an example. F i r s t  type separated par t ic les  leave a membrane  closed by a contour  L (x =0, 
x=  a, y=0 ,  y=b) ,  so that 

To = c o n s t ,  p:~ = p~+ = O, PT~ = P~z = 1/2 Px ~ ( e -2 ! -  t), 
vl~ W vl~ = Oz / Ot 

The initial conditions are  

�9 0z I 251/=0 = 11 (X, y) ,  " ~ -  t~O = 12 (Z, V) 

The membrane  vibrat ional  equations a re  reduced to the form 

c3~z Oz f x 2 e ~ t A z  :.= O, a 2 7'0 
"c3t ~ c3t ~ px - - ' ~  

The solution is found by separat ion of var iables  

c o  

i.'~x . i 'ny z (x, y, t) = ~ ~ [A~ cos (~.i~et) + B~ sin (•ijet)] sin --g- sm ~ -  
i=l j=l 

( l/i+) i , / = 1 , 2 , 3  . . . .  , X ~ = a u  + -5- ) 

a b  

AiJ ~ .. = COS Lij -- ~ sm ~i~) s in--7 sin b 

a b  

'If( B O  = ~ ]1 s i n  ~-i) " -  c o s  ~,ij i l l  i n x  s i n  [.'xy 
�9 . a b 

00  

Uniform convergence  of the se r ies  obtained follows f rom 

[ A ~j cos (~ ' tJ )  + B t j  sin (L~je')l < M / i] (M  = const) 

It follows f rom the solution that the charac te r i s t i c  vibrat ional  fo rms  of the sys tem considered coin-  
cide with the vibrat ionalfDrms of a constant  mass  membrane.  The eigenfrequencies  differ by a fac tor  e t. 
Pa r t i c le  separat ion is manifested in the given case  by membrane eigenfrequencies  continuously increasing 
with time. 

We note the cha rac te r i s t i c s  of the vibrat ional  equations of var iable  mass  l ayers  and membranes  which 
differ f rom the equations of c lass ica l  theory  of layer  and membrane vibrat ions.  The coefficients of these 
equations can be functions not only of coordinates ,  but also of t ime. In this case  one must  add: to external  
loads react ive  fo rces  of adjacent and separated par t ic les .  These fea tures  of the vibrat ional  equations of u 
var iable  mass  l aye rs  and membranes  can lead to solutions differing f rom those of the vibrational  equations 
of constant  mass  l aye rs  and membranes .  
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